Line nodes in the superconducting gap are known to be a source of Majorana flat bands (MFBs) in time-reversal-invariant superconductors (SCs). Here, we extend this relation to all symmetryprotected line nodes where an additional constraint arising from a symmetry of the crystal destabilizes or hides the existence of MFBs. By establishing a one-to-one correspondence between group theoretical and topological classifications, we are able to classify the possible line-node-induced MFBs, including cases with (magnetic) non-symmorphic space groups. Our theoretical analysis reveals a new type of MFB, i.e., MFBs in antiferromagnetic SCs.
Over the last few years, the study of the nodal gap structures of superconductors (SCs) has experienced renewed interest due to the fact that they can reveal novel kinds of topological objects [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . In this context, the structures of the superconducting gap are related to the topology of quasiparticles in superconducting states and can ensure the existence of zero-energy surface Andreev bound states [20] [21] [22] [23] . Moreover, a line node in time-reversal (TR) invariant SCs is protected by a onedimensional (1D) topological number and induces a Majorana flat band (MFB) on its surface [24] [25] [26] [27] . These MFBs exhibit a zero-bias conductance peak that can be revealed through tunneling measurements in TR invariant SCs such as high-T c cuprate SCs [28] [29] [30] [31] [32] [33] [34] and noncentrosymmetric SCs [35] [36] [37] , and thus provide conclusive evidence for the existence of bulk topological line nodes.
In materials with strong spin-orbit interactions (SOIs), e.g., heavy fermion SCs, the formation of Cooper pairs is constrained by the underlying crystal structure because a group operation is followed by the spin operation [38, 39] . When crystal symmetry forbids an irreducible representation (IR) of Cooper pairs in a highly symmetric subspace of the Brillouin zone (BZ), a symmetry-protected node arises [39] [40] [41] [42] [43] [44] [45] . Recently, there has been much effort devoted to exploring such symmetry-protected line nodes in SCs with (magnetic) non-symmorphic space group symmetry [46] [47] [48] [49] ; however, the corresponding physical phenomena remains unclear. Nevertheless, some of symmetry-protected line nodes are known to be simultaneously protected by a topological number [12, 49] , which implies the existence of MFBs.
In this letter, we unify the topology of symmetryprotected line nodes and MFBs. By taking the general symmetry constraints affecting line nodes into account, we show that symmetry-protected line nodes host two different kinds of topological numbers: a zero-dimensional (0D) topological number that describes the topology of the symmetry-protected line nodes, and a 1D topological number that reflects the MFBs. The two topological numbers are intrinsically related to each other and the relationship between them fills the gap between the symmetry-protected line nodes and MFBs.
Our topological argument allows us to categorize line nodal SCs into three different classes with respect to the MFBs: (i) odd-parity SCs with TR or a magnetic translation symmetry, (ii) even-parity SCs with TR symmetry, and (iii) even-parity SCs with a magnetic translation symmetry. The three classes are directly linked to the symmetry-protected line nodes, as shown in Table II and III. Furthermore, we show that there is no MFB in Class (i) SCs , and that the magnetic translation is sensitive to the surface orientation, which provides an additional constraint on the MFBs in Class (iii) SCs. As a result, each case is distinguishable through surface sensitive measurements. Finally, we demonstrate the existence of a MFB in Class (iii) SCs based on a minimal model describing UPd 2 Al 3 , which hosts nodal loops protected by a magnetic translation symmetry on the Brillouin zone face (ZF). Interestingly, the MFB in this case only arises if the crystal symmetry protecting the nodal loops is broken, reflecting the additional constraint mentioned above.
Irreducible representations of Cooper pairs-First, we revisit the group theoretical results. In materials with strong SOIs, electron states respect the symmetry of the crystal structure and are thus characterized by its IRs. Therefore, the possible formation of Cooper pairs is determined by the IRs of the electron states. For clarity, let γ k (m) be an IR of the symmetry group m ∈ G k for an electron with momentum k, where G k is the little group of k. When electrons at k and −k form a Cooper pair, it can be represented by
, where d is a symmetry operator satisfying dk = −k. Therefore, P k is an induced representation in G k + dG k , and such anti-symmetrized IRs can be systematically calculated using the Mackey-Bradley theorem [50, 51] ,
where χ is a character of the representation. In the following, we apply Eq. (1) to the case of SCs with line nodes. In the case of a three-dimensional (3D) BZ, a line node may occur along the intersection of a highly symmetric plane and the Fermi surface, so we must also take the mirror-reflection (MR) operation σ h into account as a crystal symmetry. If a Cooper pair lies on such a mirror plane, d then corresponds to either spatial inversion I, a two-fold rotation C 2 , or TR θ. However, in order to take the non-symmorphic group symmetry into account, we must generalize the group operations above so thatP = {I|0},T = {θ|t θ },M = {σ h |t σ }, and C 2 =PM, where the operator {p|a} acts on the position r as {p|a}r = pr + a, while t σ and t θ correspond to the zero or half translation operators. We note that any non-symmorphic generalizations of I, θ, σ h , and C 2 can be written in the above forms by an appropriate choice of the origin. Using the generalizations provided above, the operatorsT ,M, andĈ 2 include magnetic translation, glide, and screw transformations, respectively, and thus allow for the complete classification of symmetryprotected line nodes. The characters of P k can thus be obtained using Eq. (1), and are as listed in Table I [52], where [t σ ] ⊥ and [t θ ] ⊥ correspond to translations perpendicular to the mirror plane. We find that the results can be classified into four different cases [49] 
In the basal plane (BP) (k ⊥ = 0, where k ⊥ is the momentum normal to the mirror plane), the symmetry operators have the common expected characters in all cases, but on the Brillouin ZF (k ⊥ = π), the characters in each case are different. Comparing these characters with those of the IRs in Table I , we can thus obtain the IR decomposition of P k , which is summarized in Table II and indicates the possible pairing symmetries of Cooper pairs that are consistent with the crystal structure. For instance, A g indicates the conventional s-wave pairing and is always possible in the k ⊥ = 0 plane. On the other hand, in cases (c) and (d), A g pairing is forbidden in the k ⊥ = π plane due to magnetic translation effects, indicating that in these cases, a line node appears on the ZF even for an s-wave SC [48, 53] .
Topology of symmetry-protected line nodes-Let us now discuss the symmetry-protected line nodes from the viewpoint of topology. Such topological properties are of importance in identifying the bulk-boundary correspondence, i.e., the line-node-induced MFBs. We can formulate the topology of line nodes using the Bogoliubov-de Gennes (BdG) Hamiltonian, 
Here, H(k), ∆(k), and µ are the normal Hamiltonian, gap function, and chemical potential, respectively. We note that this Hamiltonian exhibits particle-hole (PH) symmetry since CH(k)C † = −H(−k), where C = τ x K is the anti-unitary operator, τ is the Pauli matrix in Nambu space, and K is the complex conjugate. We choose a periodic Bloch basis so thatH(k) =H(k + G), where G a reciprocal lattice (RL) vector.
First, we consider how the symmetry operations affect the BdG Hamiltonian.
The creation operator of an electron satisfies {p|a p }c † 
, where the choice of sign is the same as the sign of the character of p in the IR of ∆(k). In addition,T acts on the creation operators in a similar way to TR symme- (u) . The superscripts p, q are defined by p = e −iGσ ·tσ ησ h ηI,σ h and q = e −iGσ ·t θ ησ h η θ,σ h , respectively, while the subscript g(u) indicates whether the SC has even (g) or odd (u) parity . The  bottom table shows the comparison between Table II and 
try, and is thus accompanied by an additional momentum factor for t θ = 0, i.e.,T c † k,αT
Next, we clarify the relations between the symmetry operations. On the mirror plane, the PH operator satisfies
while U (σ h ) k , U (I) k , and U (θ) k satisfy
where we have used U (pp
k and the additional phase factor e i(σ h k−k)·t θ (called the factor system [51] ) is only nontrivial on the ZF. We assume that the line node lies on the mirror plane and consider a set of symmetry operations S that keep the position of the line node invariant, i.e., S : k → k+G. The symmetry operations S then consist of the PH-like operator C k ≡ CŨ (I) k and the TR-like operator T k ≡Ũ (I) −kŨ (θ) k K, which are obtained from combinations of the PH and TR operators with inversion operators, and the chiral operator
Moreover, the MR operationŨ (σ) k is also included in S since σ h : k → k + G σ , where G σ is the RL vector normal to the mirror plane. SinceŨ (σ) 2 k = −e −iGσ ·tσ , the sign of the squared operator may also change at the ZF. We conveniently fix the sign by defining M k ≡ e iGσ ·tσ /2Ũ (σ) k which satisfies M then obtain the commutation relations:
while the commutation relation between T k and M k can be determined from Eq. (5). Since 1D and 0D topological numbers may exist and can be used to specify the line nodes. The former is defined on a loop encircling a line node irrespective of the MR symmetry, whereas the latter is defined at a k point on the mirror plane (see Fig. 1(a) ).
First, let us consider the 1D topological number. Since C 2 k = η I , even-parity SCs (η I = 1) and odd-parity SCs (η I = −1) belong to different topological classes, and only even-parity SCs can support a non-zero 1D topological number [9, 16, 19] . In particular, the 1D topological number for even-parity SCs can be defined on a loop l in terms of the chiral operator:
Next, we consider the 0D topological number, for which we refer to the topological periodic table presented in [54] [55] [56] [57] and regarding T k , C k , and Γ k in terms of the Altland-Zirnbauer symmetry [58, 59] . In terms of this classification, the BdG Hamiltonian at a point belongs to the DIII class for even-parity SCs and the CII class for odd-parity SCs, neither of which have a non-zero topological number. Thus, the MR symmetry is essential to the existence of a nontrivial topological number. We now show the existence of a 0D topological number using the MR symmetry explicitly. In the mirror plane, the MR operator commutes with the BdG Hamiltonian and so the BdG Hamiltonian splits into MR sectors:H →h λ ⊕h −λ , where λ is an eigenvalue of M k . Then, the symmetry operation Γ k (C k ) exists within the MR sectors if it (anti-)commutes with M k . The 0D topological number is thus defined within the MR sectors, and moreover, when a chiral symmetry is present in the MR sectors, i.e., [Γ k , M k ] = 0, all cases are topologically trivial. Thus, we require {Γ k , M k } = 0. In this case, then as shown in Fig. 1(b) , the MR sector belongs to one of the D, C, or AII classes, whose 0D topological numbers are Z 2 , 0, and 2Z, respectively. The 2Z and Z 2 numbers of a nodal loop (i.e., a loop-shaped line node) in the MR sector h λ can then be defined as
respectively, whereñ(k) λ is the number of occupied states with momentum k, C k = (L k,λ ⊕ L k,−λ )K, and k in(out) is the momentum inside (outside) of the nodal loop. In the weak coupling limit, i.e., ∆(k) → 0, Eqs. (7) and (8) are directly linked to the Fermi surface topology. If we define N λ = n(k out ) λ −n(k in ) λ in the normal Hamiltonian to be the topological number of the Fermi surface in the mirror sector with eigenvalue λ, Eqs. (7) and (8) are reduced toÑ λ = 2N λ and (−1)ν
, which implies that a nodal loop is only topologically stable if N λ = 0. We have summarized the possible topological numbers in Table III , where the symbol M p q g(u) encodes the signs of p = e −iGσ ·tσ η σ h η I,σ h and q = e −iGσ ·t θ η σ h η θ,σ h , and the parity of the gap function, i.e., g(u) indicates the even(odd)-parity SCs [60] .
Thus, we are now in a position to elucidate the relationship between the group theoretical and topological classifications outlined above. For convenience, we assume that η I,σ h = η θ,σ h = 1 so that almost all SCs qualify for our description. The IRs A g , A u , B g , and B u then correspond to the topological classifications labeled by M Table III , we have summarized the correspondence between the 0D topological numbers and the four cases, (a)-(d). In comparison to Tables II  and III , we find a one-to-one correspondence, in which the absence of IRs coincides with the presence of the 0D topological numbers.
Possible MFBs-Finally, we consider the connection between symmetry-protected line nodes and MFBs, which are characterized by 0D and 1D topological numbers, respectively. As was discussed above, a 1D topological number exists when η I = 1, so MFBs only appear in the case of even-parity SCs. In such even-parity SCs, the topological numbers are intrinsically related to one another and satisfy [52]
which implies that the 1D topological number is always associated with the existence of symmetry-protected line nodes. We note also that the 1D topological number survives even when the MR symmetry is absent, which reflects the strong stability of the line nodes.
Using Table III and Eq. (9), we can identify three classes with respect to the stability of the line nodes. A line node may be protected by: (i) the 0D topological number in odd-parity SCs with TR or a magnetic translation symmetry, or alternatively, by both the 0D and 1D topological numbers in even parity SCs with (ii) TR or (iii) a magnetic translation symmetry. We immediately find that there is no MFB in Class (i) SCs since there is no 1D topological number corresponding to a MFB in odd-parity SCs. In order to demonstrate the existence of MFBs in Class (ii) and (iii) SCs, consider a system with an open boundary, e.g., the x i = 0 plane. Then, an MFB appears on the x i = 0 plane if the 1D topological number (6) defined on the loop [24, 61] , where (k i , k j , k l ) are perpendicular to each other, and l(k j , k l ) does not intersect with the line node. For SCs satisfying the conditions of Class (ii), the operatorT corresponds to a pure TRS, so l(k j , k l ) can be defined for arbitrary surface direction. Thus, an MFB appears on the SC's surface in analogy with high-T c cuprate SCs [22, 23] . On the other hand,T in Class (iii) corresponds to a magnetic translation, so l(k j , k l ) needs to be compatible with a translation vector t θ , i.e., an MFB only arises when one satisfies
whereê i is a unit vector normal to the surface. Note that the behavior we have outlined here is similar to that of surface states in aniferromagnetic topological insulators [62] [63] [64] [65] [66] [67] [68] [69] . Thus, a limitation on possible MFBs in Class (iii) SCs appears in contrast to MFBs in Class (ii) and non-centrosymmetric SCs [35] [36] [37] . In particular, when t θ is perpendicular to the mirror plane, MFBs do not exist on any surface because no surface direction simultaneously satisfies the constraints arising from Eq. (10) and the MR symmetry. Thus, a distortion or interaction that breaks the MR symmetry is necessary to reveal the hidden MFBs. Application to UPd 2 Al 3 -In order to verify the existence of a MFB in Class (iii) SCs, let us consider a minimal model of the antiferromagnetic SC UPd 2 Al 3 [48] . The antiferromagnetic phase of this material is specified by the magnetic space group P b 2 1 /m, and the two U atoms are situated at the (0, 0, 0) and (0, 0, 1 2 ) positions in the magnetic unit cell. Taking a single orbital at each U site into account, the tight-binding model can then be given by
where , and M k = iσ x s z τ z , where σ and s are the Pauli matrices in the sublattice and spin spaces, respectively. This model is known to host two nodal loops in the k z = π plane [48] . Since the MR symmetry class is M −− g , the nodal loops are protected by both 0D and 1D topological numbers. In fact, using Eq. (9), we find ν λ = 1 and |W l | = 2 for each nodal loop and the resulting nontrivial Fermi surface topology is shown in Fig. 2(a) [52] . Notably, MFBs are absent in all surface planes because t θ = 1 2ê z is perpendicular to the mirror plane.
However, when we add an MR-breaking distortion term, e.g., 2t xz sin k x sin kz 2 σ x (k z ) to the Hamiltonian, the nodal loop escapes from the mirror plane and a gap opens on the k z = π plane. In this case, the surface state can be numerically determined and the MFBs are revealed by the MR-breaking distortion, as shown in Fig. 2(b) .
Concluding remarks-We have established the relationship between symmetry-protected line nodes and MFBs using a topological argument. As revealed in Tables II and III, the 0D topological number not only reflects the group theoretical results, but also relates to the 1D topological number that ensures the existence of MFBs. By analyzing the relationship between the two topological numbers, we can categorize the symmetryprotected line nodes into three distinct classes, which we label Classes (i)-(iii), as summarized in Table III . Each class is distinguished by the MFBs and the symmetryprotected line nodes may be distinguished through surface sensitive experiments such as tunneling conductance measurements.
